Current engineering wear models are often based on empirical parameters rather than built upon physical considerations. Here, we look for a physical description of adhesive wear at the microscale, at which the interaction between two surfaces comes down to the contact of asperities. Recent theoretical work has shown that there is a critical micro-contact size above which it becomes energetically favorable to form a wear particle. We extend this model by taking into consideration the elastic interaction of multiple nearby micro-contacts in 2D, with different sizes and separation distances. Fundamental contact mechanics solutions are used to evaluate the elastic energy stored by shearing the micro-contacts, and the stored energy is compared to the energy needed to detach a single joined debris particle or multiple debris particles under the micro-contacts. Molecular dynamics simulations are used to test the predictions of the outcome for various sets of parameters. Our model provides simple criteria to evaluate the energetic feasibility of the different wear formation scenarios. Those criteria can be used to rationalize the transition between mild and severe wear regimes and help define the notion of asperity.
INTRODUCTION
Wear is a phenomenon happening at nearly every interface between two sliding solids, and yet is far to be fully understood. 1 One of the first and simplest models of wear is Archard's wear model, 2 giving the wear volume as
where F N is the normal load, s the sliding distance, H the hardness of the softest material and k a fitted wear coefficient. The wear coefficient is usually not constant over time and transitions can be observed between different regimes of wear for different sliding durations or different loads, 3, 4 but the physical origin of the wear coefficient k is not well understood. This motivates the need to obtain a fundamental understanding of wear in order to be able to predict the value of the wear coefficient for a given situation.
A challenge when trying to come up with predictive models for friction and wear is that surfaces are rough at multiple scales, with self-affine fractal roughness, all the way down to the atomic scale. [5] [6] [7] [8] The contact between two rough surfaces occurs at a small fraction of opposing asperities, and it is critical to assess how large the real contact area is and what pressures are carried at micro-contacts. Rough contact theories estimating these quantities have been derived by considering the interaction of asperities and their statistical distribution on the surfaces. [9] [10] [11] [12] Numerical simulations of rough contact between self-affine surfaces generally consider a minimum wavelength in the roughness corresponding to the smallest size of asperities. 13, 14 This minimum size is physically justified by the roughness vanishing at the atomic scale. Recently, Frérot et al. 15 proposed an analytical and numerical mesoscale model relating the distribution of microcontact sizes to the debris wear volume produced. In yet another recent mesoscale work, the possibility of forming wear particles was discussed in rough contact simulations * Corresponding author. E-mail address: son.phamba@epfl.ch using an energetic criterion encompassing several nearby micro-contacts. 16 Mesoscale wear models need to incorporate a fundamental understanding of when, where and how debris particles are generated at the asperity level. Such a fundamental advance was made for the case of adhesive wear, i.e. when two contacting asperities of materials of similar hardness meet and form an adhesive bond. [17] [18] [19] Molecular dynamics (MD) simulations of two colliding asperities located on opposed surfaces under sliding motion revealed a transition between ductile shearing of asperities to brittle failure and debris formation. This transition occurs at a critical micro contact size d * . Contact junctions of diameter d smaller than this critical size deform plastically upon sliding, while larger junctions form debris. The critical size d * is found by comparing the elastic energy E el stored by shearing the asperities with the adhesive energy E ad needed to create the new fractured surfaces that would lead to the formation of a debris particle. If E el E ad , there is enough energy to create the new surfaces and therefore form a particle, while if E el < E ad , new surfaces cannot be created and the asperities can only deform plastically. This requirement is similar to Griffith's criterion for the growth of a crack in a material. 20 The expression of the critical size found by Aghababaei et al. 17 is
where Λ is a geometrical factor of the order of unity, γ is the surface energy of the material, G is the shear modulus and σ j is the shear strength. d * depends only on the material properties and not on the geometry, considering the fact that Λ ∼ O(1). The expression of d * was later improved 19 to take into account a weakened and tilted interface between the joined asperities, resulting in a correction of the terms γ and σ j , the former being replaced by an effective fracture energy. A distinction is made between having slip or plastic deformations at the junction, but since we are mainly interested in cases of debris formation, we will not consider the two regimes separately in this paper. The transition between a case where surfaces plastically smoothen and a case where debris particles can be formed is given as a possible explanation for the regimes of low wear and mild wear. For a contact under light normal load, we expect to have a small real contact area between the surfaces, meaning that the junction sizes are small, 14 resulting in no formation of wear particles. For higher loads, some junction sizes become larger than d * , resulting in the formation of debris particles, and thus wear.
A more recent work 21 has studied how two neighboring pairs of colliding asperities interact, with each pair having a junction size d d * , meaning that each junction can result in the formation of a debris particle under shear. It was shown using 2D MD simulations that when the distance λ separating the pairs of asperities is large, each pair of colliding asperities forms its own debris particle of diameter d. However, when λ becomes smaller than approximately d, a single (larger) debris particle combining the two pairs of asperities is formed with an effective diameter of d a = 2d + λ. This change of behavior can be an explanation for the transition from mild wear to severe wear regime at large normal loads, with an increase of the wear coefficient. 3, 4 The number of micro contacts increases with load, which promotes interactions between them and thus creation of larger debris particles. While no theoretical prediction was given for the critical interaction distance λ, fracture mechanics can be put forward to rationalize the transition. 21 The stress intensity factors K I of mode I fracture have been analyzed at the corners of each asperity, revealing a mechanism of crack shielding when the pairs of asperities are put closer together, 20 preventing the formation of separate debris particles. Moreover, it is known that multiple neighboring asperities interact elastically over long distances, even without the presence of cracks, 22, 23 deviating their stress state from the usual Hertzian stress distribution.
The objective of this paper is to derive an analytical description of the transitions between different regimes of wear for a given set of colliding asperities. To ease the analytical derivation, we consider flat perfect junctions, or micro-contacts ( Fig. 1(a) ), which are shown to have equivalent properties to colliding asperities regarding the transition between a plastic smoothening regime ( Fig. 1(b) ) and a debris formation regime ( Fig. 1(c) ) at a length scale d * . An analytical theory for the interaction of multiple micro-contacts is derived in 2D, predicting the transition between a mild wear regime ( Fig. 1(c) ) and a severe wear regime 21 ( Fig. 1(d) ) at the scale of the micro-contacts. The various assumptions are verified using boundary element simulations, and the analytical theory is then validated against MD simulations by simulating perfect adhesive junctions between two solids using model potentials 18 in quasi-2D setups.
THEORETICAL MODEL
We derive an analytical prediction for the outcome of the system shown in Fig. 1(a) . An energy balance criterion has been effective to predict the transition from plastic shearing to single debris particle creation for both numerical simulations and experimental data, 17 therefore the same argument will be used here. The elastic energy is calculated for systems of increasing complexity, starting from a simple point shear loading. We take advantage of the symmetry of the system by only considering the loaded bottom solid, knowing that the top one will be under a symmetric stress state and thus store the same amount of elastic energy. The adhesive energy corresponding to the different outcomes is derived and compared to the stored elastic energy to obtain an energy criterion for the formation of wear particles.
Elastic energy
Point load -Let us consider a semi-infinite solid in 2D, defined by Ω = {(x, z) ∈ R, z 0}. We call B the thickness of the solid in the y direction. E and ν are respectively the Young's modulus and the Poisson's ratio of the material.
A tangentially loaded micro-contact of negligible size can be modeled as a tangential point load of magnitude Q (in unit of force per length) applied at the surface of Ω, as shown in Fig. 2 . For a load applied at x = z = 0, the stresses inside Ω are 24
where r 2 = x 2 + z 2 . In plane strain conditions, the strains are
The expression of the elastic energy stored in Ω is
For a load in 2D, the elastic energy is infinite. We can still integrate only along the x direction and keep the infinite term within the integral, which for a tangential point load gives:
Subsequent expressions of elastic energy can be compared with each other by looking at the factor in front of the integral term. In this case, we notice that the elastic energy is quadratic to the load Q.
Infinite integral term -The fact that the elastic energy stored in a loaded semi-infinite medium is infinite can be explained in several ways. Since the stored elastic energy is equal to the work of the load, it can be calculated by multiplying the magnitude of the load by the displacement of the loaded point in the direction of the load. In 2D, the displacement caused by a load on the surface is O(log r), meaning that imposing a zero displacement at r → ∞ as a boundary condition will lead to an infinite displacement under the load, 24 therefore to an infinite elastic energy. Also, by looking at the stresses in Eq. (3), we see that they are O(1/r), which has a singularity at r = 0 and creates the 1/z term in the integral of (7), decaying too slowly to make the integral finite. The problem of the slow decay is no longer an issue when dealing with systems of finite size. Moreover, the stress singularities disappear in real systems due to plasticity, and as well in simulated systems due to the discretization size. Therefore, (7) can be rewritten as
where M is a number replacing the infinite integral term, which, again, is finite for a given simulation domain size and discretization size.
Note also that the problem of the infinite elastic energy does not exist in a 3D system (in the absence of stress singularities), because the stresses are O(1/r 2 ), making the integrals of (5) finite, and the displacements are O(1/r), allowing the application of the boundary condition of zero displacement at r → ∞. Two point loads -We now consider two tangential point loads, each one of magnitude Q, located at x = a and x = −a, z = 0, as shown in Fig. 3 .
Figure 3: 2D semi-infinite solid under two tangential point loads.
The distance between the two point loads is 2a.
By superposition of (3), the stresses are simply
where x 1 = x − a, x 2 = x + a, r 2 1 = x 2 1 + z 2 and r 2 2 = x 2 2 + z 2 . The elastic energy is obtained by using these new stresses in (5), giving:
which is dependent on a, the half spacing between the two point loads. If a goes to 0, the two integral terms are the same and the expression of elastic energy is reduced to
where E el,1Q is the elastic energy of a single point load Q given by (8) . This is coherent with the fact that this situation is equivalent to having a single point load of magnitude 2Q (Saint-Venant's principle), the elastic energy being quadratic to the load. If a goes to infinity, the right integral term vanishes, leading to
which corresponds to the case where the two point loads are so far apart that they are not interacting, so the total elastic energy is the sum of their individual elastic energy if they were taken separately. Since a always has a finite value compared to the infinite size of the medium, we will assume that we are in the case where a goes to 0, which means that E el,2Q = 4E el,1Q . This equality will of course not be exactly matched when performing simulations of finite size, where a will no longer be infinitely small compared to the simulated medium.
N point loads -We consider N tangential point loads of magnitude Q. Following the assumption that the distance a between the loads has a finite value compared to the infinite size of the medium, the setup is equivalent to having a single point load of magnitude NQ. The elastic energy being quadratic to the total load, it is also quadratic to the number of point loads:
Equation (13) is subject to the same limitations as (11) regarding the simulations of finite size.
Uniform load -A single tangentially loaded micro-contact is better modeled by a uniformly distributed load. We consider a tangential load q (in unit of pressure) applied on a region −d/2 x d/2, z = 0, as shown in Fig. 4 , where d is the size of the micro-contact. Figure 4 : 2D semi-infinite solid under a uniform tangential load q of size d. Since the load q would be represented by a load on a band in a 3D equivalent setup, q has unit of pressure.
Integrating (3) on this region, the stresses are
where
For the calculation of the elastic energy, the integral (6) cannot be fully evaluated for this distribution of stresses using analytic functions. However, numerical integration shows that the elastic energy is of the form
where f (z) is a function dominated by the term 1/z when z d. It means that the elastic energy is the same as the one for a point load of equivalent magnitude Q = dq:
in the case where d is small compared to the size of the medium.
N uniform loads -Using the same assumption as for the N point loads, we can finally derive an expression for the elastic energy of N non-overlapping uniform tangential loads of magnitude q and diameter d:
This is the expression that will be used to compare with the adhesive energy.
Adhesive energy
The creation of a debris particle under a micro-contact assuming brittle failure involves the creation of new surfaces. To detach a semi-circular particle of diameter d as shown in Fig. 5 , two surfaces of area Bπd/2 have to be created, which requires an adhesive energy of
where γ is the surface energy of the material. We now consider N equally spaced micro-contacts of size d, with λ the distance between the edges of two adjacent micro-contacts, as shown in Fig. 6 . Two cases of debris formation can arise. Either N separate debris particles of diameter d are formed, requiring an adhesive energy of
is the real size of the contact, or in other words the sum of the sizes of all the micro-contacts.
The other possible case of debris formation is to create a single debris particle combining all micro-contacts, having an apparent diameter of
and requiring an adhesive energy of
Since we always have d a d r , E ad,comb is always larger than E ad,sep .
Energy criterion for debris formation
Critical micro-contact size -The formation of debris particles is possible if the stored elastic energy is greater than the adhesive energy required to create the particles. 17 In other words, the ratio
has to be greater than one to enable the process of debris formation. For a single micro-contact (N = 1) of diameter d and uniform load q, the energy ratio is equal to
If R < 1, no debris particle can be formed under tangential load, so the micro-contact slips or flows plastically. If R 1, there is enough energy to create a debris particle. This allows us to define a critical size d * for a single microcontact, which is the size above which a debris particle can be created:
If we set the tangential load q to be equal to the shear strength of the micro-contact σ j , it becomes clear that d * is function of material parameters, similarly to the critical junction size derived by Aghababaei et al., see (2). Aghababaei et al. derived the critical junction size for two spherical colliding asperities, assuming that the elastic energy is stored inside the volume of the asperities and therefore is independent of the system size. The existence of d * given by (25) means that, as for colliding asperities, flat junctions also have a ductile to brittle transition at a length scale d * , even if the stored elastic energy is radiated into the bulk.
Note that the expression of d * (25) is dependent on the number M, which is linked to the spatial discretization of the domain and therefore is not a physical parameter. We recall that in reality, d * is a material parameter, to first order independent of geometry. The following statements will therefore be made in terms of d * rather than M. The material properties E, ν, γ and σ j will all be contained within d * .
Separated debris particles -To study the possibility of forming separated debris particles from a distribution of N micro-contacts, we have to calculate from (17) and (19) the ratio
where all material parameters are included in d * . Note that R sep does not depend on the distance between the microcontacts. Forming N particles is possible if R sep 1, or, in term of
Combined debris particle -To study the possibility of forming a combined debris particle from a distribution of N micro-contacts, we calculate form (17) and (22) the ratio
Forming a combined particle is possible if R comb 1, or, in terms of d a , if
Transition between behaviors -In summary, the three different behaviors described in Fig. 1 can happen depending only on the values of the real contact size d r (27) and the apparent contact size d a (29) . Transitions between behaviors are summarized in the wear map shown in Fig. 7 , giving regions where each behavior is energetically plausible. The vertical dashed line shows the transition between a plastic behavior and the formation of separated debris particles, as dictated by (27) , and the second dashed line shows the transition to the formation of a single combined debris particle, as dictated by (29) . The hatched region is inaccessible because d a d r .
Our wear map is compatible with the initial definition of a critical length d * (2) found for a single pair of colliding spherical asperities. However, it is not directly applicable to the geometry of colliding asperities when N 2, because the elastic energy will not only be stored into the bulk, but also concentrated into the volume of the asperities, which is not taken into account in our model. Therefore, we will expect less elastic interaction in the case of colliding asperities, resulting in a lesser likelihood of seeing the formation of combined debris particles.
Partial contact -The wear map may be used to define what is an asperity. This definition is far from obvious as, due to the fractal nature of real surfaces, each asperity in contact can be in turn subdivided into smaller contact zones. 25 What appears as a fully compact contact junction at a given scale, becomes fragmented into smaller contact patches at a smaller scale. Yet, interactions between these divided contact spots may be homogenized into a single apparent contact junctions if elastic interactions prevail, which is precisely what Fig. 7 can help assess. For a contacting asperity of apparent diameter d a , we can define the fraction of the real contact size to the apparent contact size as
satisfying κ 1. We establish a criterion to determine if this weakened contact can form a single debris particle of size d a by rewriting the condition for combined debris particle formation (29) using κ, leading to the condition
which is the minimum fraction of contact size necessary to be able to detach a single debris particle. This minimum fraction is only reachable if still form a single debris particle from an energetic point of view. It also shows that only the total contact size d r matters to determine the formation of debris particles, and not the individual sizes of each micro-contact (assuming full elastic interaction between the micro-contacts).
Limits of the energy criterion -One may have noticed that we always have R sep R comb , meaning that forming small individual debris particles is always more energetically favorable than forming a single, combined one, even if R comb 1. In this case, the energy criterion will only suggest that both cases are energetically possible, but will not indicate which one will happen. The outcome can be predicted by looking at the locations of stress concentration in the material, which indicate the places where cracks can nucleate and thus where debris formation can occur.
It implies that in the wear map (Fig. 7) , a separated debris particle formation can energetically happen in the "combined" region. In the same manner, plasticity can happen in the "separated" or "combined" regions.
VALIDATION USING SIMULATIONS

Boundary element method
Before validating the wear map (Fig. 7) , the boundary element method (BEM) is used to verify the effects of a finite size system on the computation of the elastic energy E el,Nq (17) , which was derived assuming an infinite medium. Instead of a semi-infinite plane Ω, a region Ω d = {|x| L/2, 0 z H} of n x × n z points is considered. The BEM simulation is periodic in the x direction. Desired loads are applied at the nodes located at z = 0, and the elastic energy is computed by discretizing the integral of (5) as
The stress and strain tensors σ(x i , z j ) and ε(x i , z j ) are evaluated using a code based on the application of Green's functions defined for a tangential point load applied at the surface of a semi-infinite medium. 26, 27 The comparison of the results from the BEM with the analytical expression of E el,Nq is shown in Fig. 8 . H is chosen to be large compared to the maximum d a (with H/d a > 45) to match the assumption of a large medium made for the analytical prediction. Having periodicity in the x direction and computing the elastic energy only between −L/2 and L/2 does not seem to affect the match between the analytical and numerical E el,Nq , even if d a is not significantly small compared to L (we always have L/d a > 2.8). No improvement was found by increasing the value of L.
Overall, there is a good match between the analytical predictions and the numerical values. The discrepancy between the computed and theoretical values is the smallest for lower values of λ and N (low d a ). The decrease of the elastic energy recorded when λ increases can be seen as a transition between a complete interaction of the N loads at λ = 0, and an absence of interaction for λ → ∞. At complete interaction, E el,Nq is verified to be quadratic to N, while for no interaction, it should decrease to become proportional to N, which is not seen in Fig. 8 because of the small value of λ.
The theoretical elastic energy slightly overestimates the value computed inside a finite domain, but it still provides a good approximation. Therefore, the criteria for debris formation we derived using the analytical expression of elastic energy can reasonably be applied for systems of finite size.
Molecular dynamics
We use MD simulations of perfect junctions to check the validity of the predictions for debris formation, (27) and (29) . A model potential 18 is used to simulate a material brittle enough to have a critical length d * observable at the scale of the simulations while maintaining their size reasonable. We have d * 35r 0 in all our simulations, where r 0 is the interatomic distance at equilibrium. The size of all the simulations is kept constant at L = 900r 0 in the x direction and H = 1200r 0 in the z direction. The atoms are arranged in a face-centered-cubic lattice with a thickness of three close-packed layers of atoms in the y direction to stay in a quasi-2D plane strain representation. The [111] lattice direction is aligned with the y axis and the [110] direction is in the (x, z) plane at an angle of 15 • with the x axis, so that the junctions are not aligned with weak crystal planes. Periodic boundary conditions are used in the x and y directions and the possible lattice mismatch at the boundary is resolved using a step of energy minimization. The temperature of the system is kept constant using Langevin thermostats at the non-periodic boundaries of the simulation. Instead of applying a shear force, a constant velocity is imposed on the boundary of the top solid, and a small constant normal load is applied to prevent the system from drifting apart. The maximum resultant shear force is limited by the shear strength σ j of the material. All the MD simulations are performed with LAMMPS 28 and visualized with OVITO. 29 The critical length d * is first found by simulating single junctions of increasing sizes d. The perfect junctions are modeled by rectangles of width d and fixed height h = 6r 0 . The observation of a transition between plastic behavior and debris particle formation validates the existence of the critical size d * (25), which is defined as the value of d at which this transition occurs. The points in Fig. 9 showing these simulations are located on the line d a = d r and are highlighted in light blue. An example of debris particle formation is shown in Fig. 10 . Two types of damaging processes are witnessed during the formation of the debris particle: cracks are opened under tensile stress, and dislocations move across the material, which is a nanoscopic manifestation of plastic shear deformations. When varying d, the length reached by the opening cracks becomes larger when d increases relative to d * .
Several simulations were performed with N = 2 (highlighted in green in Fig. 9 ) and N = 3 (highlighted in orange) with different values of d and λ. Examples of the three possible outcomes are shown in Fig. 11 for N = 2. We recall that it is possible to observe the formation of separated debris particles even when the formation of a combined debris particle is energetically possible (R sep R comb ). Therefore, when an MD simulation leads to the formation of separated debris particles, it is relaunched with the same geometric parameters but adding rounded corners where the cracks forming separated debris particles can initiate, in order to prevent their formation, leading to a different outcome if energetically possible (shown by color-filled symbols in Fig. 9 ). This shows that the outcome is also controlled by the presence or absence of stress concentrations. The smaller bright spots are mismatches in the crystallographic structure propagating in the material, which is the nanoscale manifestation of shear plasticity. Notice that the cracks extend way past the necessary length before closing at the formation of the debris particle. The prediction of the transition between a separated and a combined debris particle formation behavior (29) is well matched by the N = 2 and N = 3 simulations, as no combined particles are ever formed outside of the "combined" region of the wear map. Some simulations with sharp corners lead to a behavior consuming less energy, but their rounded corners counterparts are in agreement with the wear map.
The prediction of the transition between a plastic behavior and the formation of separated debris particles (27) is however not perfectly matched by the N = 2 simulations when d a increases, as seen in Fig. 9 near the d r = d * dashed line. It means that when the distance between the micro-contacts λ gets bigger, there is not enough energy to create the separated debris particles. The decrease of the elastic energy for increasing values of λ was identified with the BEM simulations (Fig. 8) and is also present in the MD simulations, because they both take place in a finite discretized medium. In the wear map (Fig. 9) , taking the decrease of elastic energy into account for increasing values of λ, thus increasing values of d a , would be represented by shifting the dashed lines (showing the transitions between behaviors) to the right for the higher values of d a . The disagreement of the MD simulations with our theory near d r = d * might also be an effect of having the sizes of the individual micro-contacts d 0.5d * being close to their height h = 0.17d * , enabling unwanted geometrical effects like the concentration of elastic energy in the now non-negligible volume of the micro-contacts, resulting in even less elastic interaction between the microcontacts.
In general, the criteria (27) and (29) work well to predict the transitions of behavior, and the transition between the separated and combined debris formation is especially well matched by the MD simulations.
CONCLUSION
We derived and validated analytical criteria for the formation of separated or combined debris particles in an adhesive wear regime at the microscale, leading to a wear map of the different behaviors. The outcome is dictated by the sum of the sizes of the micro-contacts, i.e. the real contact area, and by the total length covered by all of them, i.e. the apparent contact area, in comparison to the critical length scale d * of the material, at which a ductile to brittle transition occurs. The different microscopic behaviors of debris particle formation give a physical interpretation for the different regimes of macroscopic unlubricated adhesive wear, and the emergence of a regime of severe wear can be physically explained by the energetic feasibility of forming combined debris particles under multiple microcontacts. Future work will generalize these findings in a 3D setting.
